The sliding of a solid object on a solid substrate requires a shear force that is larger than the maximum static friction force. It is commonly believed that the maximum static friction force is proportional to the loading force and does not depend on the apparent contact area. The ratio of the maximum static friction force to the loading force is called the static friction coefficient m M , which is considered to be a constant. Here, we conduct experiments demonstrating that the static friction force of a slider on a substrate follows a novel friction law under certain conditions. The magnitude of m M decreases as the loading force increases or as the apparent contact area decreases. This behavior is caused by the slip of local precursors before the onset of bulk sliding and is consistent with recent theory. The results of this study will develop novel methods for static friction control.
T he application of a shear force larger than the maximum static friction force to a slider on a base block causes the slider to start sliding. A kinetic friction force is exerted on the slider in the sliding state. Friction appears in various systems ranging from atomic to geological scales and has been studied since ancient times [1] [2] [3] [4] [5] [6] . From an engineering perspective, friction control is critical to the effective functioning of machines and can enable advances in energy and global warming problems [4] [5] [6] . In the 15th century, da Vinci discovered that the friction force is proportional to the loading force and does not depend on the apparent contact area between two solid objects. About 200 years later, Amontons rediscovered these results, which are now collectively called Amontons' law. This law is commonly believed to hold well for diverse systems, discussed in high school textbook, and used to achieve friction control for various machines. The ratio of the maximum static friction force to the loading force is called the static friction coefficient. When Amontons' law holds, this ratio is a constant that does not depend on the loading force or the apparent contact area.
Friction mechanisms are usually explained as follows [1] [2] [3] [4] [5] [6] . The roughness of the solid surfaces in contact with each other results in a very small total area for the real contact points relative to the apparent contact area. The real contact points yield a finite shear strength at the interface, which is produced by interatomic or intermolecular forces. Relative sliding motion between two solids in contact requires the application of a shear force that is larger than the total shear strength, that is, the maximum static friction force must be applied. The total area of the real contact points is called the real contact area. It is considered that the real contact area is proportional to the loading force and does not depend on the apparent contact area, and the shear strength per unit of the real contact area is constant. Thus, the friction force is proportional to the loading force, does not depend on the apparent contact area, and Amontons' law holds. Note that, to date, alternative schemes have also been put forward to explain the mechanisms of friction and Amontons' law 7 .
Recently, the contact interface has become an interesting topic in the case of friction for a shear force that is smaller than the macroscopic maximum static friction force F s max , which corresponds to the onset of sliding motion for the whole slider [8] [9] [10] [11] [12] . Bulk sliding does not occur under this condition. The instantaneous and local densities of the real contact area have been measured by employing the transmission and reflection of a laser sheet, demonstrating that local precursor slipping occurs at the contact interface between a polymethyl-methacrylate (PMMA) slider and a PMMA base block [8] [9] [10] [11] [12] . A shear force is applied to the slider by a pushing rod or a spring at the trailing edge of the slider. The precursor front begins from the trailing edge of the slider and stops after propagating a certain distance. The front of the next precursor also begins from the trailing edge after a certain interval and stops after a propagation length that is longer than the previous length. Initially, the propagation length gradually increases with the number of precursors; however, after exceeding a critical length, the propagation length begins to grow rapidly. When the precursor front reaches the leading edge of the slider, bulk sliding occurs. This behavior has been observed in various experiments [8] [9] [10] [11] [12] , and the front propagation velocity has been investigated in experiments [8] [9] [10] [11] and in numerical and theoretical studies [12] [13] [14] [15] [16] [17] [18] [19] . Ben-David et al. reported experimentally that the macroscopic static friction coefficient m M 5 F s max /W, where W is the loading force, are strongly dependent on precursor dynamics 11 . On the other hand, finite element method (FEM) approaches and analytical calculations have been used to show that m M decreases as the pressure and the system length L increase 19 . These behaviors are determined by the precursor dynamics, and the quasi-static precursor transitions into rapid motion at a critical length l c . In the calculations, Amontons' law is assumed to hold locally, i.e., the local frictional stress is proportional to the local pressure. The following relation was obtained,
when l c /L is smaller than unity 19 . Here, m s and m k are the local static and kinetic friction coefficients, respectively. The dependence of l c on the loading force yields a new friction law:
where a is a constant that does not depend on W. When the magnitude of W and L is such that l c /L is close to 0 or unity, Amontons' law holds approximately. The aforementioned relationships have been obtained from an analytical calculation of the 1D effective model and have been verified by a 2D FEM calculation. However, these results have not yet been verified experimentally.
In this study, we experimentally investigate the precursor dynamics and the macroscopic static friction coefficient of a PMMA slider loaded on a PMMA base block using the transmission of a laser sheet. The macroscopic static friction coefficient is found to decrease as the loading force increases. The experimental results show little dependence on the driving velocity or the height from the contact interface at which the tangential spring force, which we call the shear force, is applied. The results verify relationships (1) and (2) within the experimental accuracy, that is, the breakdown of Amontons' law and the validity of the novel friction law, Eq. (2). It is also indicated that how these relationships are associated with the local precursor slip. The results obtained herein are consistent with previous experimental studies 20 including the work by Ben-David et al. noted above 11 . Moreover, the macroscopic static friction coefficient decreases as the apparent contact area decreases. This result also indicates the breakdown of Amontons' law.
Results
We apply a shear force to the slider by a leaf spring at a height h from the contact surface with a constant driving velocity V, and a uniform normal force F z . Figure 1a shows the typical time evolution of the shear force for V 5 0.4 mm/s, h 5 10 mm, and F z 5 400 N. After the leaf spring starts moving, the shear force increases linearly from 0 over time t, which means that the shear force balances the static friction force; the slider is at rest in this regime. The shear force drops immediately after it reaches its maximum value at t 5 5.8 s. The drop is caused by the sliding motion of the whole slider and is followed by the arrest of the slider. The maximum value of the shear force is the macroscopic static friction force F s max . The shear force increases linearly and periodically drops sharply, that is, a periodic stick-slip motion appears. The inset of Fig. 1a displays an enlarged view of F x near t 5 5 s. Prior to the large drop in the shear force corresponding to the onset of bulk sliding, there is a sequence of small drops, which are shown by black arrows. This behavior indicates that the precursors appear as partial slipping when the shear force is smaller than the macroscopic maximum static friction force.
The spatio-temporal distribution of the real contact area density in Fig. 1b clearly shows the sequence of discrete precursor slips that start from the trailing edge of the slider. This behavior results from the relatively small pressure at the bottom of the trailing edge caused by the torque induced by the shear force, even though the applied pressure is uniform [17] [18] [19] . Each precursor front stops after propagating a certain length, as indicated by the red circles in the figure. The propagation length of the subsequent precursor exceeds that of the preceding precursor. When the precursor front reaches the leading edge of the slider, bulk sliding occurs, and the shear force drops dramatically. Figure 2 shows the propagation length l of the precursors normalized by the slider length L as a function of the ratio of the shear force F x to the loading force W for various magnitudes of the driving velocity V ( Fig. 2a ), various heights h at which the shear force is applied (Fig. 2b) , and various applied normal forces F z (Fig. 2c ). The loading force W is the sum of the applied normal force F z at the top plane of the slider and the weight of the slider Mg 5 6 N, where M is the mass of the slider and g is the acceleration of gravity. Initially, l increases linearly with small slope with increasing F x /W; however, l grows rapidly beyond a certain value of F x /W for every condition. The two solid straight lines show the results of fitting the data in the ranges of small and large values of F x /W, respectively, for all conditions in (a) and (b). In (c) the two solid straight lines in the same color show the results of the fitting the data in the small and large values of F x /W, respectively, for every magnitude of F z . We can define the critical length normalized by the system length l c /L from the intersection of the two solid straight lines. The magnitudes of l c /L are indicated by broken horizontal lines in the figures and correspond to the critical length of the slow increase of the propagation length of the precursor front. The magnitude of l c /L does not depend on the driving velocity or the height h and is approximately 0.45 for F z 5 400 N. When the precursor front reaches the leading edge of the slider, bulk sliding occurs. The value of F x /W at l/L 5 1 corresponds to the macroscopic static friction coefficient m M . Figure 2c shows l/L as a function of F x /W for various normal forces. The critical length l c appears for any value of the applied normal force, but the magnitude of l c depends on the applied normal force. This result will be discussed in more detail below.
We also measured the magnitude of the macroscopic static friction coefficient m M , which corresponds to the onset of bulk sliding of the slider, under various conditions. Figure 3 shows the dependence of m M on the loading force for various values of the driving velocity V (Fig. 3a) and height h (Fig. 3b ). Each point in the figure represents the average value of 3 to 9 (typically 9) measurements. Amontons' law states that m M does not depend on the loading force. However, Fig. 3 shows that m M decreases as the loading force increases for all values of V and h. This behavior indicates the breakdown of Amontons' law and is consistent with the results obtained from the FEM and analytical calculations 19 . The driving velocity V and height h have little effect on the magnitude of m M . Note that the apparent contact area between the slider and the base block changes negligibly over the range of loading forces used in the experiment.
The dependence of m M on the loading force is well-fitted by the following formula:
Here, a, b, and n are fitting parameters. The broken lines in Fig. 3 show the fitting results for V 5 0.4 mm/s and h 5 0 mm. The parameter values obtained by employing the weighted least squares method are a 5 0.53 6 0.15, b 5 0.32 6 0.24, and n 5 20.16 6 0.15, which exhibit little dependence on the experimental conditions. The magnitude of the errors corresponds to the standard deviation. Reference 19 reports n 5 21/3, as noted in Eq. (2), obtained from an analytical method based on the 1D effective model. The result is verified by a 2D FEM calculation. The aforementioned experimentally obtained value of n is quantitatively consistent with the theoretical result within the experimental accuracy. Thus, the novel friction law given by Eq. (2) is experimentally verified. Reference 19 also predicts a relationship between m M and l c , Eq. (1). Figure 4 shows the experimental results for m M as a function of l c / L. The figure shows that m M is determined by l c /L, which means that the dependence of m M on the loading force is caused by the precursor slip. In fact, l c /L decreases with increasing the loading force as shown by the inset of Fig. 4 , which causes the decrease of m M with increasing the loading force. The linear relation between m M and l c shown in the figure is consistent with the theoretical prediction, Eq. (1) 19 . We used the least squares method to fit the following formula to the experimental data:
Here, a and b are fitting parameters. The broken line in Fig. 4 shows the fitting results for the parameters, a 5 0.89 6 0.15 and b 5 0.092 19 . The values of m s and m k obtained from fitting Eq. (4) to the experimental data are m s 5 0.98 6 0.17 and m k 50.092 6 0.077, which are consistent with a previous experimental study 11 . Amontons' law also states that the friction coefficient does not depend on the apparent contact area. We investigate the dependence of the apparent contact area of the macroscopic static friction coefficient. Figure 5 shows the m M values plotted as a function of various lengths of the sliding surface L', i.e., for various magnitudes of the apparent contact area. To perform this experiment, two regions of the lower portion of the slider are removed. The shape of the slider is shown in the Supplemental Methods. The figure clearly shows that the macroscopic static friction coefficient depends on the apparent contact area. This result also indicates the breakdown of Amontons' law.
Discussion
In this study, we investigate the frictional behavior of a solid slider on a solid base block. We observe precursor slipping before the onset of bulk sliding; each of these slips causes a small drop in the shear force applied to the slider. The front of the precursor slip starts from the trailing edge of the slider and stops after propagating a length l. After a certain interval, the next precursor starts to slip from the trailing edge and stops after a propagation length l, which is longer than the propagation length of the previous precursor. Initially, the magnitude of the propagation length l increases gradually; however, after exceeding a critical length l c , the propagation length increases rapidly. The magnitude of l c depends on the loading force W. We also find that the macroscopic static friction coefficient m M decreases as W increases. The decrease of m M with increasing W is consistent with the data of the recent work by Ben-David et al 11 , although they did not discuss this behavior. This behavior indicates the breakdown of Amontons' law and is consistent with 2D FEM and analytical calculations 19 . Reference 19 predicts a novel friction law, Eq. (2), which implies that the macroscopic static friction coefficient is the sum of a term that is proportional to W -1/3 and the local kinetic friction coefficient m k . The -1/3 power of the W dependence of m M is consistent with the present experimental results within the experimental accuracy. Hence, the novel friction law, Eq. (2), is experimentally verified.
The linear relation between m M and l c is also consistent with the theoretical prediction 19 and indicates that the dependence of m M on the loading force is caused by the precursor slip. Two independent methods yield the same estimate of the local kinetic friction coefficient m k within the experimental accuracy and support the theoretical prediction. The magnitude of m M depends on the apparent contact area, which also indicates the breakdown of Amontons' law.
In the 2D FEM and 1D theoretical calculations 19 , the quasi-static precursor slip appears and grows continuously from the trailing edge of the slider. When the front of the quasi-static precursor reaches a critical length l c , the quasi-static precursor becomes unstable and changes to a leading rapid precursor, which starts to move at a high velocity toward the leading edge of the slider. When the front of the precursor reaches the leading edge, bulk sliding occurs. In ref. 19 , Amontons' law is assumed to hold locally, and the local friction coefficient is considered to be a function of the instantaneous local velocity only. When the local velocity becomes finite, the magnitude of the local friction coefficient decreases linearly with the local slip velocity from the value of the local static friction coefficient m s . Above a certain velocity, the local friction coefficient takes a constant value that is equal to the local kinetic friction coefficient m k . After the highvelocity bulk sliding occurs, the magnitude of the ratio of the local shear stress to the local pressure is maintained at the value corresponding to the high-velocity bulk sliding due to the finite relaxation time caused by the viscosity; this ratio coincides with m k . However, the magnitude of the ratio of the local shear stress to the local pressure coincides with m s in the region through which the quasi-static precursor has passed because the slip velocity and the slip distance of the precursor are sufficiently small. The value of m M is given by the distribution of the shear stress that occurs when the front of the quasi-static precursor reaches the critical value l c . Thus, m M is determined by l c , and the linear relation between these two variables, Eq.
(1), holds. The dependence of l c on the loading force W yields the dependence of m M on W. The magnitude of l c is determined by competition between the stabilization and destabilization of the quasi-static precursor. The stabilization is caused by the viscosity, and the destabilization is caused by the local frictional stress, which reduces with the velocity. The destabilization effect increases with W. A dimensional analysis on the primary terms of the time evolution of the fluctuation around the quasi-static precursor solution shows that l c /L is proportional to W -1/3 . Thus, the expression for m M contains a term that is proportional to W -1/3 . When the magnitude of W and L is such that l c /L is close to 0 or unity, Amontons' law holds approximately.
The effect of the precursor dynamics on m M and the dependence of m M on the size of the slider and loading conditions have been discussed in ref. 21 . The model employed in that work, however, does not take into account the effect of torque induced by the shear force and then the non-uniformity of the pressure at the bottom of the slider, which causes the transition of the precursor slip at l c in ref. 19 and in the present work as discussed previously. The mechanism of the change of static friction coefficient in ref. 21 is considered to be different from that in ref. 19 and in the present work.
In experiments, including the present study [9] [10] [11] [12] , however, individual precursor events are observed to occur discretely, while a quasi-static precursor has not been observed. These results may be attributed to the finite resolution of the experiments and the small slip distance of the quasi-static precursor. These factors could prevent the observation of a quasi-static precursor in the experiments. Thus, a precursor with a propagation length below the critical length observed in the experiments would correspond to a bounded rapid precursor, which has been observed in 2D FEM and 1D theoretical calculations, and has a finite propagation velocity, but stops beyond a certain length 19 . The transition of the bounded rapid precursor to the leading rapid precursor occurs near l c . Other possible mechanisms for the disappearance of the quasi-static precursor in experiments are the discrete nature of each real contact point or the slight deviation of the local friction law assumed in the calculations 19 from the actual local friction law. As previously mentioned, the local frictional stress is determined by the local pressure and the instantaneous slip velocity in ref. 19 . In the actual system, the friction force exhibits hysteresis 22, 23 . These effects could transform the quasi-static continuous precursor into a discrete precursor. As previously mentioned, the dependence of l c on the loading force W results from the dimensional analysis, and the same W dependence of l c is expected to hold even in the case of the disappearance of the quasi-static precursor.
In the experiments 9-12 , a precursor with a propagation length that is larger than the critical length can stop in the slider. This behavior has not been predicted in the FEM calculations 19 . However, FEM calculations were performed over a limited range of slider lengths, and calculations for longer sliders may show behavior similar to that observed in the experiments. After a precursor with a propagation length exceeding the critical length l c stops, it should leave an imprint of the transition at l c . The experimentally observed linear relationship between the macroscopic static friction coefficient and the critical length l c indicates that the imprint corresponds to the stress distribution when the propagation length of the precursor reaches l c , which is maintained after the subsequent precursor has passed. Thus, the agreement between the experimental results obtained here and the calculation still holds.
In conclusion, we have shown that the macroscopic static friction coefficient of solid objects decreases as the loading force increases and as the apparent contact area decreases. These results indicate the breakdown of Amontons' law and the validity of a novel friction law, Eq. (2). This behavior is caused by precursor slipping occurring prior to bulk sliding. The observed results are consistent with the predictions of 2D FEM and 1D analytical calculations 19 . The results obtained in this study can lead to new methods for controlling the maximum static friction force.
Methods
The transmission of a laser sheet is used to measure the instantaneous and local densities of the real contact area between a slider and a base block, which are both composed of PMMA. The linear contact area between the slider and the base block is 100 mm long and 0.8 mm wide. A normal force F z is applied uniformly at the top surface of the slider. The apparatus and experimental methods applied herein are similar to those used in ref. 12 , except for the driving method. The slider is pushed by a leaf spring via a stainless L-shaped arm at a height h from the contact surface. The leaf spring, with a spring constant k 5 95 kN/m, is moved with a constant driving velocity V ranging from 0.1 to 1.0 mm/s. Details of the experimental apparatus and methods are given in the Supplemental Methods.
